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Overview PSAAP /’|)\

 RM impulsive instability of elastic solid

— Neo-Hookean elastic solid

— 2D with plain strain
* Eulerian approach to solid continuum equations
* Initial-value problem

— Time-domain solution using Laplace transform

— Single-mode interfacial initial perturbation

— Inversion using Bromwich contour
* Interface behavior as a function of material properties
« Vorticity distribution
* Previous semi-analytical studies:

— Plohr and Plohr (2005)

— Piriz et. Al (2006).
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Impulsive Richtmyer-Meshkov PsAAP 7

Gas dynamics, Richtmyer '60, interface grows linearly in time

Advantages:

Simplifying assumptions:
Analytically tractable

Elastic, incompressible, Neo-Hookean

Shockwave replaced by impulse Cfomprehetnswe expl(oralat[[g)n
: : : of parameter space (relative

Small interfacial perturbation densities and shear speeds)
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Eulerian equations of Motion CALTECH vy

PSAAP /|\
Lagrangian map:
r = z(X,t) x :position of particle originally at x
6$i .
Iy = X, Deformation tensor
Inverse map:
X = X(x,t) :
Inverse deformation
0X;
9ii = g Fijgjk =0ik, 1911922 — 921922 =1 tensor
T
Eulerian equations of motion Neo-Hookean elastic solid
Ou; _ 0 oij = —pdij + pFiFig
8371'
8’&@' 811,7, 80’@' 2 2
o+ pum— — L =0, op _ 9 LR R
ot J 5373‘ 8%‘ 8%? — 8:61023]' ( PU;Uj + :uFZkFJk))
09, 4 i(g-kuk) —
ot Ox; " Plane strain assumed
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Initial and interface conditions
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PSAAP

Interfacial conditions:

|uilln; = 0
nilloijlln; = 0
tiaz-;nj = 0 ZtiO'--

Interfacial kinematics:

o (0, 0) — 1) = 0

Base flow:
U1 — —V (H(t) — 1),
Uo = 0
gij = Oij
p = pVi(t)z+u,
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Continuity of normal velocity
Continuity of normal stress
Zero tangential stress

1l x,.1) %

[, v

V = Impulse velocity

Oij = —pV(S(t)% 5ij
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Linearized equations IV /»|>\

Linearization:

8’&;-
=0
8$j
8u’. au/. 80'/
j i _ 74
P Ot + 0xy ox;
on’
o 10
dg;; __0g, N ou! 0
ot ox;  Ox;

ot = —p'6i; — ulgl; + g5)

Linearized interface conditions:

lual] = 0
lotl] = =Tl Vn's()
o5y = 0 =0y
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Laplace transform ESAAP ,»|>\
Solution:
q(t,r1,m2) = §(x1,t)exp(ikzs) Sinusoidal in x,:
Q(z1,s) = Llj(x1,t)] = / gij(t) e st dt Laplace transform in t
0
Linearized equations:
d .
—U1 + ZkUQ =0
dx
d d .
psU1 + 2u—G11 + — P + pik(G12 + Ga1) = 0,
d$1 d$1
d
psUs + 2utkGaa + ik P + M%(Glz +G21) =0
1
d
SGf,;l + —UZ' =0

dLUl
SC%Q-%ile =0
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Solution in s-plane IV /»ln\

4-th order ODE for U,

d;a?i} - (2_2 - ka) d;;? + (ka + k4> Uy =0
Ui (s,21) = Ax(s)e™™ + Bi(S)e:F\/fQj:Jrk%l
Ao(s) = T UVmoksQerk®4sh) o py 144
) pr 1-A
Bi(s) = — (r — 1)‘(/272(;7;32011.{;2
Q®s) = (L+7)s% +4c2 k252 + 4 k2rs?

2 2
4 1.4 S 4 1.4 S
4C_]€ <—1+ 1+W> —4C_|_I€ T <—1—|— 1—|— Cﬁ_k@)
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Solution in s-plane IV /»ln\

4-th order ODE for U,

d;aij%l - (2_2 - %2) d;;? + (ka + k4> Uy =0
Ui (s,21) = Ax(s)e™™ + Bi(S)e:F\/fQj:Jrk%l
Ao(s) = T UVmoksQerk®4sh) o py 144
) pr 1-A
Bi(s) = — (r — 1)‘(/272(;7;3201152
Q®s) = (L+7)s% +4c2 k252 + 4 k2rs?

2 2
4 1.4 S 4 1.4 S
4C_]€ <—1+ 1+m) —4C_|_I€ T <—1—|— 1—|— C%_k@)
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Inverse Laplace transform PSAAP /’l’\
+12T
1 (z1,t) = L~HUL(s)} = ﬁ 111_%0 /;iT Uy (1, 5) ds

Detailed solution depends on singularities of the denominator:

Q(s) = (1+7)s* +4c2k*s* + 42 kPrs®
Act 14 s? 414 52
ck¥ | -1+ 1+02_k2 —4dcikr | -1+ 1—|—Cik2

Interface behavior:

o[
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Short-time behavior PSAAP /|\

ool

Inviscid fluid: classic impulsive RM result recovered when ¢+ =0

on _ (r—1)
ot (r+1)

This is also the elastic-solid initial growth rate, since when s is large

Vnok=AVnk

1
Ul(O,s)NAVnokg, s — oo(t — 0)

1 C : :
For ¢t << —— vorticity is located near the interface and so interface
kct .. .
behaves as for inviscid fluid
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Long-time behavior PSAAP ™ /|\
on _ -1 [(7“— I)Vnoks?’] L
ot Q(s) ' Im(s)

Q(s) : 4-sheet Riemann surface
Generally 4 finite branch points

Branch constructed with /  having
positive real part, Re(s) >0

Branch cuts chosen for convenience

Find poles of€2(s) on constructed branch
. . Cc_

Pole locations are functions of 7,

Contributions to Bromwich integral from
both poles and branch cuts
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Long-time behavior PSAAP ™ /|\

* All poles are simple and Iie in Re(s) <0

* As material properties r, = change, poles move along Im(s) axis and then
either vanish or move off a§<|s

 Branch cuts lead to algebraic decay:
A(t) ~ (t_3/2,t_5/2,t_5/2 . ) efick!
« Poles/branch cut analysis shows that interface is always stable

« Two types of behavior depending on r, 2——

(@) pure oscillatory: when zf close to unity (pole on I'm(s))

« (b) Decaying oscillatory behavior (branch cuts)
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Stability of the interface PSAAP /’l’\

pure oscillatory

|::1fr:2

decaying oscillatory
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Stability of the interface
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pure oscillatory
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Stability of the interface PSAAP >*|>(

decaying oscillatory
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Stability of the interface PSAAP >*|>(

Asymptotic oscillatory
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Why stable? PSAAP /’|)\

 We can look at the vorticity equation:

O*w' 2 0w’
o2 Ox?
. 1 0% .
W'(x1,x0,t) = wlxy,t)e*®2 =4 <—k111 + p a;?) ethe2
F L—}—l kx
Gi(z1,s) = —2ikUE(s,0)e \/CikZ 1
¢ 52
wi(z1,t) = / w(zy = 0,7) L exp(Fy | s + 1 kay)] dr
0 C:l:k

 Initial vorticity created by impulsive acceleration is carried away
from the interface by shear waves.

e So vorticity first created near interface Is carried away and
distributed between shear waves and the interface
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Vorticity distribution PSAAP /’l’\

c/c,=1,r=2

Vnok?
/
\\\

tc k=0
.'.

tc k=0.5
A i

. +
4L - tc k=15 |

tc k=2
.'.

—2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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Vorticity distribution PSAAP /’l’\
c/c,=3,r=2
2
1.5¢
1 -
oq 0.5
<&
3| =
= 0
tc k=0
_o5| ic k=0.25
tc k=0.5
1L tc k=0.75
— tek=
155 5 = S5 = 05 0 05 1
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Tangential velocity jump PSAAP /’l’\

_ [__cle=1,r=2]
0.4

_ ¢ /c =3, r=2]
e, |

0 10 20 30 40 50

tc k

+

Evolution of velocity jump across interface; two cases
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Comparison with other studies PSARP 7|\
* Y.Plohr and B.Plohr, JFM, 2005
— Linearized shock problem:
» base problem+perturbation
— Compressible
— Numerical solution of linearized PDEs
c/c,=1.56,r=6.16
Impulsive model | | | (Al/Ta system) Plohr & Plohr
- l(b)ojos 7
120 ] 1.2 a
S o8 0.8 |- .
= 2
g_ 041 | Boat -
< o
g
LI I T 0 0 20 30 40 50
Time Time
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Comparison with other studies
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* Present solution
— Long-time asymptotics available
— In oscillatory regime, oscillation

period is

T 1+7r T 21 [p_

— 0= — r—

T() 1+ Z—i— ’ k M—

3 . .

. ——model result I
o - - -long term estimate{
2_5_;!,_ ------- Piriz et al. (2006) |]

1 T pole freq

w
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Piriz et Al., PRE, 2006

— Local analysis and simulation
— Predicts pure oscillatory behavior only

T 155

To 2 1+ 0+

—— model result

- — — - long term estimate
------- Piriz et al. (2006)

H = pole freq
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Conclusions PSARP /[N

* Impulsive Richtmyer-Meshkov flow for incompressible elastic solids
IS stable.

« Agrees with previous semi-analytical studies (Plohr and Plohr 2005,
and Piriz et. Al 2006) over their range of validity.

 Two distinct types of interface behavior are found:

» Pure oscillatory behavior when shear speeds in the materials are
approximately matched and in the case when one material has no
shear strength

= Decaying oscillation when the shear speeds are sufficiently different.

o Stability is achieved by the action of shear waves, which carry
vorticity away from the interface

* Analysis predicts other aspects of interface behavior including
oscillatory period as a function of material properties.
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