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Introduction

DNS data was used to examine exact and modeled turbulent transport
equations and to develop closures for Rayleigh—Taylor mixing

= This work integrates DNS, experimental data, and modeling

Measurements from a Sc = 7 water channel experiment used to initialize DNS

Develop a priori optimized gradient-diffusion and similarity closures

- Compute quantities in turbulent viscosity-based closures (K, ¢, v, etc.)
« Compute model coefficients unavailable experimentally
« Show that many coefficients asymptote at late times

« Demonstrate good correlation between modeled terms and DNS data
across mixing layer using these dynamic coefficients

Validate model a posteriori by comparison to DNS and experimental data for
Sc =7 mixing

Extend model to Sc ~ 10° mixing and compare to experimental data

This work demonstrates the use of 3- and 4-equation turbulence models
for Rayleigh—Taylor instability-induced mixing at different Schmidt numbers

Lawrence Livermore National Laboratory UL-

IWPCTM12 7/10




The DNS' models a nonreacting water channel Rayleigh-Taylor
mixing experiment? at Texas A&M

LyxL,xL, 28.8cm x 18 cm x 24 cm
N, x N, x N, 1152 x 720 x 1280
A 7.5 x10%
yoX 0.9986 g/cm?3
o) 0.9970 g/cm?3
g 981 cm/s?
Sc (Pr) 7.0

0 s T 10

10 —
15
20 5

= |nitial velocity/interfacial perturbations taken from experimental data
= Time normalized by 7 = t.\/gA/H (H =32 cm is channel height)
= At latest time, integral-scale Reynolds number reaches ~ 4500

1 N. J. Mueschke, M. J. Andrews & O. Schilling, “Experimental characterization of initial conditions and
spatio-temporal evolution of a small Atwood number Rayleigh—Taylor mixing layer,” J. Fluid Mech. 567,

27 (2006)

2N. J. Mueschke & O. Schilling, “Investigation of Rayleigh—Taylor turbulence and mixing using direct
numerical simulation with experimentally measured initial conditions. I. Comparison to experiment, Il.
Dynamics of transitional flow and mixing statistics ,” Phys. Fluids 21, 014106, 014107 (2009a,b)
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DNS

The initial velocity and interfacial perturbations were parameterized
from experimental data

= Interface perturbed in x- and y-directions ¢(z,y) =Y Cee'® =+ 3¢y etFvy

ko ky
= Velocity field constructed from perturbed potential field
ox; p Ox;

0) [em/s]

Initial density interface and
vertical velocity at centerplane
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Equations solved

A spectral/10t-order compact difference and 379-order Adams-
Bashforth—-Moulton time-evolution scheme was used

= Density, momentum, and mass fraction evolution equations

=0
2 . op 0o ;;

0i5 = 1
i=# Ox;  Ox; 3 H 04 8$

J J J om,.
a(ﬁmr)+—(9mruj)_ (PD )

Ox; O ; Ox;

where p, u;, p, g;, m, D, and o; are the density, velocity, pressure,
acceleration, mass fraction of fluid r, mass diffusivity, and the viscous
stress tensor (uis the dynamic viscosity)
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Comparison of DNS to experiment

Taylor’s hypothesis related the temporal evolution of statistics to the
spatial evolution

= AT = 5°

= A=75x%x10%

= U, =4.2cm/s mean velocity
= Pr=7

= Downstream distance x from
splitter plate related to time by

£
Uﬂl

t

= Dimensionless time given b
Boussinesq scaling

lg A r [gA
T=10\— = —
H UnV H

P>
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3D DNS visualizations show initially 2D behavior with 3D structure
emerging at later times

7 =0.15

7 =1.06
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The centerplane density shows the transition from a nearly
2D initial state to a more 3D flow at late times
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Comparison of DNS to experiment

The DNS agrees well with experimental measurements of the
bubble/spike front growth and molecular mixing parameter

= DNS and experiment both have a mixing layer growth parameter ¢, ~ 0.07

= @ on layer centerplane qualitatively agrees with experiment, but under-
predicts amount of mixed fluid [ Bo =%" (1 — p*) —p* (1 — p*) and Bz = p* (1 —p7)

where p* = (p—p.)/(py — po) = f1 ]

Bubble, spike fronts Molecular mixing parameter

10 ‘ : 1

Water Channel

—DNS

0 0.5 1 15 l ' .
T T
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Unclosed transport equations

Using averaging over the periodic directions, the exact and closed
terms in the transport equations were constructed and compared

= Unclosed transport equations for turbulent kinetic energy and its dissipation
rate, and mass fraction variance and its dissipation rate examined

= Production by buoyancy, shear turbulent fluctuations, and mean field
curvature given by £, P P and P , respectively

= Conservative transport given by turbulent diffusion 7%and turbulent
destruction/dissipation given by D?

_ 1 Y x
3Gty = —— [ o(x ytaay
_DE" _ pB pE B B B Ly Ly Jo JO
P Dt = Iy + S + + — D N
P(z,t) = pp(x,t)/p
Dg o . o . ot -
Py =00 + PSP+ P + 19 - D* o(x, 1) = ¢(x,1) — (2, 1)
— o(x,1)" = d(x,1) — ¢(2, 1)
_ Dml mrrz muQ muZ
7 Iy = P71 + T [y 8 ‘
Dy 5 ~ 5 -~ 5 ~
pp-=PX + B+ B + P 41— D
D a . 0

Dt~ o Y og,

o0z o _06 08 1
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Turbulent transport quantities

The turbulent viscosity is computed using the turbulent kinetic
energy and its dissipation rate

05 S
e =0.21
0.45 e = 050
-7 =101
04 — =152
035

0.3

X025 All vertical profiles across

mixing layer rescaled by
mixing layer width h(t)

02
0.15
0.1

0.05

M o =
O P "

06 -04 -02 O 02 04 06

z/h

Turbulent viscosity computed using shear turbulence value C,=0.09
()’

7
Profiles peaked near center of layer where turbulence most intense
Asymmetry may be associated with anisotropic initial conditions
v, >v=0.1 as turbulence develops
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Turbulent kinetic energy budget

DNS data can be used to compute each unclosed term in the
turbulent kinetic energy equation

Buoyancy production
0.6 \ :

s o = Buoyancy production and
9 i yH| dissipation approximately
IS Y AN, . parabolic, consistent with
%0-3 A, f 0 similarity solutions
- = Shear term small and
Ry oscillates, consistent with
055 o 05 008 e 05 nearly zero mean velocity
z/h(t z/h(t .
— gradient
Turbulent diffusion : :
P —— o ‘ | = Diffusion has complex
—r structure, integrating to
7 | 0.15/ —r =L} Zero across domain, as
= SR required
L 01p
Q ................
---7=0.50 005 i, Y

z/h 05 0 05 I
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Turbulent kinetic energy dissipation rate budget

DNS data can be used to compute each unclosed term in the
turbulent kinetic energy dissipation rate equation

oo
0.25 C 035 : — s
e =021 e = 00,21 PE! _ 2 , auz &)
- ---T =050 -m-r =050 b — £VGi 9 P)
o - = L0 5 Ly OL;
> 02 . =13 =
3 A S - du. Ou; du,
ol 015 g -Ei = _{Zﬁi.
o | = Cr}ﬂl‘k 3I?n_ 8xm
>
O c 8p’ ou'.
g = —€eu'. —2v - J
> I Oz J O, 0T,
= 0.05 =
oM [

92u. \?
2 2 —= 7

= Turbulent production
sor=oal dominates buoyancy
e production for 7 > 1
= Transport away from

turbulent core, down-gradient

= Mean velocity production
terms negligible

=021  Re,=67

-06 -04 -0.2 0 02 04 08 -06 -04 -02 0 0z 04 08 7=0.50 Reh =481

2/h #/h =101  Re,=2323

_ _ 7=1.52 Re, = 4455 I
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Mass fraction variance budget

The budget of the unclosed mass fraction variance transport
equation can also be computed using DNS data

0.25 : : : 0.05
e = 0.21
---r =050
e = 101

02 — =152 004

0.045

c
o
=
©
=2
)
0.1 i)
(@)

c
o
=
o
>
°
o
S
o
c
©
[}
=

-06 -04 -02 Q0 02 04 086

R R _ o7
=== L3 1 = — . T
.50 P 2 1'0 TLJ 1-1 -IC}:I}'J

H
-06 -04 -02 0 02 04 08

7 Omy

o 12
83%1 TN
9 — ,ouj I’H]
:_E' .
J

7 2,D 3?1‘1’{ 2
— <P A ;

= Buoyancy production decreases
In time as mixing progresses

= Production = dissipation at
late time

= Transport away from turbulent

z/h z/h
c
©)
%
= 7=021  Re,=67
= 7=050  Re,=481
= 7=101  Re,=2323
= r=1.52  Re,=4455
=
5
=

-0.6 -04 -02 0 02 04 06

core, down-gradient
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Mass fraction variance dissipation rate budget

Some terms in the mass fraction variance dissipation rate equation
behave similarly to those in the ¢’ equation, while others do not

—

. T i ' -
0.07 e = 10,21 PX — _QIO‘D (97?’11 Su.} 87?‘11
===7 =050 b 8.’3;‘ 8113.,: 8:]53
----- =101
— 7 =1.52

e = .21
---7 =050
--r=10l
—r =152

0.06

. I
dmy Imy du j
(911?1' 333_} Sﬁi

PX' =92oD

Buoyancy production
Turbulent production

—_ 2
X7 2 2mY
D =2D P (3:1. daz 5 )

= Mass fraction dissipation
rate controls mixing rate

IS = Buoyancy production small
E 5 and decreases in time
= 3 .=
= = = As in € transport, turbulent
(D) . .
3 a production dominates at
= late time
Y 7=0.21 Re, =67
06 04 02 0 02 04 o6 06 -04 <02 0 02 04 06 7=0.50 Re,, =481
z/h z/h r=1.01 Re, = 2323

_ _ r=1.52 Re,, = 4455 I
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The previous equations are closed using gradient-diffusion and

similarity closures

Closures

= Gradient-diffusion closures

Vi
Ty Ox;

——

= Similarity closures in € and m/?

Pt
D

.- equations (C,, C,, C,,, are model
coefficients)
- dp’ ou! ¢ dp Op
P =2mg; L T o, Lt O OP
Ox; Ox; E" 0,p Ox; Ox;
—\ 2
— ; 82u! \? ou! Ou! ou; (¢')
DE — P =907 1 2 3 1 j_OE_N
t HY (84”3}8:1?;3) * a 8$j 8:1:;3 813;,; 2P
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Closures

Gradient-diffusion closures for all equations and similarity
closures for mass fraction variance dissipation rate equations

T /¢ 8? Tf Ut 8?’?11
Op aﬁj J O 85’3}
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By, = —— €U, =——
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A priori comparisons

Gradient-diffusion closures using dynamic coefficients agree well
with the exact turbulent fluxes (7= 1.01)

04 0.1

o —~ 03 | 77 ‘ 0.08:

i H Ijt 8@ E 0.06-

J O & 8$j 0.04-

0.02

0

= Gradient-diffusion o

models for turbulent ~0.06
diffusion terms o -0.08 e
appropriate 04 06 04 -02 ?h 02 04 06 T o6 -04 -02 7]1 02 04 06

z zZ
= QOscillations in model g o

due to gradient of mean
field quantities

i ~ DN -0.08 o DRS
—Model
—2odel

-06 -04 -02 0 02 04 06
. . -06 -04 -0z 0 02 04 08
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Dynamic turbulent Schmidt numbers

The turbulent Schmidt numbers were calibrated by correlating the
closures with the exact terms computed from the DNS data

' ' 0.25
— o~ —-©-p
b F_el! -0
0.3} — 0 ||

0 500 1000 1500 2000 2500 % 500 1000 1500 2000 2500
Rey, Rel

= Turbulent Schmidt numbers (except o,) nearly constant for z > 0.75
= Late-timerise in o,, o,,, and o, may be due to oscillations in DNS data
= Self-similarity requires o, = oy = g, (= 0.1) consistent with data
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A priori comparisons

Similarly, similarity closures using dynamic coefficients agree well
with the exact production and dissipation terms (7= 1.01)

= Similarity closures for more complex correlations are in very good
agreement with DNS

— -2 —
= € pE o (<) 7 i
B 1 E”
Buoyancy Production Turbulent Destruction Turbulent Destruction
o2 . 0.2 . 0045 N
osl Ef —~Model 0.18¢ 6! —Model ~ 0.04 ‘”2 A —Madel
' 0.035
0.03-
0.15¢ .
(R 2 0.025
3
Q 0.02-

0.015-
0.05¢ 0.01

0.005-

-06 -04 -02 Oh 02 04 08 06 04 02 0 02 04 06 06 -04 02 0 02 04 086
z/ z/h z/h
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Dynamic similarity coefficients

Similarity coefficients in the dissipation rate equations were also
calibrated as a function of the Reynolds number

3 . . ‘ . . 4 =r = ==

/! - Clm?
—A-C g
—-=-C.»

05 - — | e
6! _e_('eﬂ O < o
- ."
% 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
. ;
Rel! Rej,

= C,=14; C,~2.3 (decreasing at late times)

= Cppand C 5 still evolving at late times, as fully asymptotic mixing not
attained; C 5 and C , approximately constant

= Using late-time coefficient values, self-similarity gives
2
C Co —C
ap = (Ce2 — Coo) ~ 0.05

LL
o, (4Co—3)(4Cn —3)
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The optimized RANS model was tested a posteriori using a one-

dimensional numerical implementation of the model

= Modeled transport equations solved using 2"d-order finite differencing
and a 2"d-order Crank—=Nicolson time integration

_8?’?&1 . 8 ﬁ 1 My 8?72;1
P ot Oz Sc o0,/ 0z

_OE" v 0p9p | 9 [ . oE"
- - R - — €
P ot o,p 0z 0z 0z H o) 0z P
N2

—~ ~ B ~ 17
B 86” e Vi 8p 8? 8 B J7” 86” - (6 )
— —Ce —_ T —— e — — CE —
P ot " pro,p 8z 9z + Oz (M_‘_ o) Oz 2P 1ol

——

[_)amy? o <am1)2 d

ot T

0z 5,

0z
" & [ Oy 2+ o
Pror — X0 =0\ Tz 5z

- 2
B pe ) Omy _~
+ —2p\"
(Sc O'mg) 0z PX
Iz Hy 8;(7! _ ¢’ ;”
(Sc+ax) 0z TAX XQEI x3
The model was run using both dynamic and constant (late-time) coefficients
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Model to data comparisons (Sc = 7)

The growth of the mixing layer and the evolution of the molecular
mixing parameter compare favorably with the DNS

= Model initialized using DNS data at times 7. = 0.1, 0.3, 0.5, 0.7 to test
early-time model dynamics

= Model with 7. = 0.1 cannot capture complex early-time physics
= For 7> 0.8, all model instantiations give very similar layer growth and 8

8 T T p— 1 : S
i = Uil & In\,' 09? O Experiment |
71 o =--DNS
0.8~
6.
0.7+
N 5
% =06
< 4 Il o5
| 2
< 3| I 04
SN
0.3
2.
02~
11 . - - = Experiment 01
" -==DNS
0 05 1 15 % 0.5 1 15
T T
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Production-to-dissipation ratios

The production-to-dissipation ratios from the DNS and model with
dynamic and constant coefficients can be compared

= Re-dependent coefficients capture early-time transitional dynamics
= Constant coefficient case fails to capture nonequilibrium behavior

Dynamic coefficient case

Constant coefficient case

Tic =0.1 | —F" (DNs) || Tic = 0.1 — E (DNS)
---¢" (DNS) | ---¢" (DNS)
------ m{? (DNS) | | v i (DNS)
—~ 1 2 0000 — |
1 — E" (Model) 107 7 5 — E7 (Model)
10 N | i
- ==¢"” (Model) ---¢” (Model)
Q ,_; . Q —
E """" m/? (Model) E """" m{* (Model)
------------------ 10° el
T |
0 05 1 15 0 0.5 1 15
T T
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Model to data comparisons (Sc ~ 10%)

The model predicts a @in good agreement with the experimental
measurement using the recalibrated C_,

= Growth of Pr =7 and Sc ~ 10° mixing layers similar, which allows use of
DNS profiles of p™", E” and ¢ to first-order

= Mass fraction variance profiles taken from Sc ~ 103 experiments
= Calibrated C,,, for Sc ~ 10° smaller than C,, for Sc =7

06 T T T ‘l r . .
e O Experiment (Pr =7T)
0.5 0.9 [0} —— Experiment (Se¢ ~ 10?) ‘
: 0.8] — Model
0.4l 0.7
U
E
0.3 0.5
$ ft 3t
0.4
0.2
0.3
0.1 02
0.1
I L O
0 500 1000 1500 0

Rey,
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Conclusions

A 3- or 4-equation turbulence model for Rayleigh—Taylor mixing was
developed using optimized coefficients from DNS data

= Examined gradient-diffusion/similarity closures
- Used data to compute exact unclosed terms in transport equations
« A priori analysis and optimization using DNS data

 Buoyancy/turbulent production, dissipation, and diffusion are dominant
physical processes requiring accurate modeling

= Correlating models and terms computed from data gives Re-dependent
coefficients

= Some coefficients asymptote and others continue to evolve at late times

« Demonstrated very good agreement between models and DNS data using
these Reynolds number-dependent coefficients

A DNS model of a water channel experiment was used to develop an
a priori calibrated RANS model for Sc = 7 Rayleigh—Taylor mixing, and
data from the DNS and experiment were combined to provide a
RANS model for a Sc ~ 102 Rayleigh—Taylor mixing layer
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A very high Reynolds number 30723 DNS dataset® was used to analyze

gradient-diffusion and similarity closures for Rayleigh—Taylor mixing*

= 3:1 density ratio (Atwood number 0.5)

= Schmidt number v/D =1

= Re = (h dh/dt) /v > 10% achieved at late times 18 < t/t, < 30

= Grid spacing equal to Kolmogorov scale at t/t; = 30

= Diffuse initial interface with Gaussian perturbations around k = 96

t/ty=9

Bl A A

Re ~2x 103

Re ~ 8 x 103

Re ~2.2x 104
SW. H. Cabot & A. W. Cook, “Reynolds number effects on Rayleigh—Taylor instability with possible implications
for type-la supernovae,” Nat. Phys. 2, 562 (2006)
40. Schilling & G. C. Burton, “Large-Reynolds-number, intermediate-Atwood-number Rayleigh-Taylor turbulence:
Gradient-diffusion and similarity modeling of mechanical and scalar turbulence,” (submitted) UL-
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Mechanical and scalar turbulence budgets

The dominant terms in the mechanical and scalar turbulent transport
equations can be identified using the DNS data (shown here at t/f, = 27)

Turbulent Dissipation
Budget

Turbulent Kinetic
Energy Budget

-0.4
-08-06-04-02 0 0.2 04 06 08

06-04-02 0 02 04 06
z/h(t) z/h(t)

oL =7/ =7 =7 =7/
P =R + PE" _DF" 4 TE
de" 7 7 7 ~7 7
P 5 ~PFP + P, +FP —D° +7T¢

Buoyancy production, dissipation, and
transport are most important in K equation;
turbulent production and destruction are most
Important in £equation

Density Variance Density Variance
Budget Dissipation Budget
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15

12
10

8
6
4
2
0

-2
_4
-6

-06-04-02 0 02 04 06

-08-06-04-02 0 02 04 06 08

z/h(t) z/h(t)

dp'? pr N 053 =
WEP"?" +P; —2e,+1IIP +T7
Oe’, e el o pr -
8—: ~ P,* + Pyl — D% +1I% + T

Mean production, dissipation, and transport are
most important in p’2 equation; turbulent
production and transport are most important in
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Reynolds stresses

A buoyancy-generalized Boussinesq model for the Reynolds stresses
provides quite good agreement with DNS at all times

» Generalized Boussinesq model

9~ ~ 8 O o BN
Ty =—PE" 6y — 2, [ S — L) i, 2
i gt ‘“’*( 3 5.’1:-,:,:) 7
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5 % % 8% 2, 9p 9

]

dx; Oz N dx; Oz; 3 ijg—ka
« Adapted from algebraic stress

model for turbulent convection
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Turbulent kinetic energy and dissipation rate flux

Gradient-diffusion models for the turbulent kinetic energy and energy
dissipation fluxes generally agree well with DNS for t/t,>9

t/ty=9 t/ty = 27
30/|—DNS —DNS
« Flux of turbulent kinetic energy :L’ZE
and its dissipation rate ? N
— —~ |~ 10
—r H — o3 100
‘EE”’LU”=—&8E ] ﬁEnwrr=_ﬂaE Eé_o 0
o Oz og. 0z »
-10
-200
* Turbulent viscosity (C, = 0.09) -20 o = 0.04 |30 o, =008
e D -06-04-02 0 02 04 06 -06 -04 -02 0 02 04 06
.ﬂ (E”) 1|—DNS 5[ —DNs
t — Model 4} ——Model
”t:T:C,m — = o 3
o el 0.6
0.4 ?
- Better agreement on heavy side oz . f
of mixing layer and at later times ' ° » /
-0.4 ;,23 |
o o. =007 o. =012
08 -06-04-02 0 02 04 06 -06-04-02 0 02 04 06
zIh(t) zIh(t)
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Buoyancy and shear production of kinetic energy

Gradient-diffusion models for the buoyancy and shear production of
turbulent kinetic energy agree well with DNS at all times

_ thty=9 thty =27
« Buoyancy and shear production [=ow e -
of turbulent kinetic energy i o
2
_— 5
—— ! !
pEi _ PW %__yr dp Op )
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P 2 Opp 0z Oz & .
1
_E!Tr aﬁi 2
Ps = _Tij 3_ 0.5 1
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0.4 1015 20 25 g 30 06 04 02 0 02 04 06 006 0402 0 02 04 06
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o3 ] 0.02
0.25-
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' ~ 002
015 -0.04
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Turbulent scalar fluxes

Gradient-diffusion models for the density variance and density variance
dissipation rate flux exhibit good agreement with DNS for t/f, > 9

* Flux of density variance and of
its dissipation rate
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 Buoyancy and shear production
of turbulent kinetic energy
dissipation rate
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Buoyancy and shear production of dissipation rate

The buoyancy and shear production of turbulent kinetic energy
dissipation rate exhibit very good agreement at all times
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Turbulent production and destruction of dissipation rate

Order of magnitude estimates suggest modifications to the similarity
models for turbulent production and destruction of &

* Turbulent production and destruction
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Destruction of density variance dissipation rate

Algebraic models for the destruction of the density variance and
density variance dissipation rate are in excellent agreement with DNS
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Production of density variance dissipation rate

Similarity models for the mean and turbulent production of density
variance dissipation rate exhibit good agreement at all times
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Conclusions

This work optimized gradient-diffusion and similarity models for Rayleigh-
Taylor mixing and will be used to motivate improved RANS models

« Gradient-diffusion and modified similarity models for second-order
transport equations validated a priori

— Coefficients in optimized model computed using an L, minimization
between DNS and model profiles

— Most coefficients nearly asymptote in self-similar regime at late times
. Suggests a 4-equation RANS model (or 3-equation model with algebraic €, o)
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Conclusions

Gradient-diffusion, modified similarity, and buoyancy-extended Reynolds
stress models were validated for large Re Rayleigh—Taylor mixing?

= 30723 DNS; At = 0.5, Sc = 1; Re = (h dh/dt)/v> 104 at late time
= Early-time transient behavior is not generally captured by closures
= After transient and as flow begins to transition to self-similarity

» Gradient-diffusion fluxes well reproduce DNS with nearly asymptotic
coefficients

- Similarity terms in dissipation rate equations modified by Re, factors also
well reproduce DNS with nearly asymptotic coefficients

» Buoyancy-extended Reynolds stress model motivated by ARSM closure in
turbulent convection provides a reasonably good model compared to DNS

TPresent work complements the BHR model study by D. Livescu et al., “High Reynolds number
Rayleigh-Taylor turbulence,” Journal of Turbulence 10, 13 (2009)

High-resolution DNS data has been used to develop and validate a priori
3- or 4-equation RANS models describing mechanical and scalar
turbulence in Rayleigh-Taylor turbulent mixing
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